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Complex Plateau problem: old and new results and prospects 

Pierre Dolbeault 

Abstract. The Plateau problem is the research of a surface of minimal area, in the 3-dimensional Euclidean 
space, whose boundary is a given continuous closed curve. The complex Plateau problem is analogous in 
a Hermitian complex manifold: it is a geometrical problem of extension of a closed real curve or manifold 
into a complex analytic subvariety, or into a Levi-flat subvariety. Wirtinger's inequality in C" is recalled. 
Minimatity of complex analytic subvarieties and analogous properties of Levi-flat subvarieties, in Kahler 
manifolds, are given. Known results in C" and CP" are recalled. Extensions to real parametric problems 
are solved or proposed, leading to the construction of Levi-flat hypersurfaces with prescribed boundary in 
some complex manifolds. 
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1. Introduction. 



Given a Hermitian manifold X, the complex Plateau problem is the research of an even dimensional 
subvariety with negligible singularities, with given boundary, and of minimal volume in X. We will call 
mixed Plateau problem the research of a real hypersurface with given boundary, and of minimal volume in 
X. More briefly, both problems will be called complex Plateau problem. 

First we shall recall or show that complex analytic subvarieties, resp. Levi-flat hypersurfaces are solu- 
tions of the Plateau problem when X is Kahler (section 2). 
I Then we will consider the complex Plateau problem as the research of the extension of an odd di- 

■ mensional, compact, oriented, connected submanifold into a complex analytic subvariety, and recall known 

ly-^ I solutions (section 3, 4). 

' To solve the mixed Plateau problem as the research of the extension of an oriented, compact, connected, 

2-codimensional submanifold into a Levi-flat hypersurface, we will need solutions of the complex Plateau 
problem with real parameter, in C" and CP"; in CP", it is an open problem to explicit satisfactory conditions 
on the boundary. In this way, we get very peculiar solutions of mixed Plateau problems (section 5). 
k>( ' Finally, the mixed Plateau problem is solved in C", in particular cases, as a projection of a Levi-flat 

j_j I variety, and set up in CP" (sections 6,7): known solutions are recalled in C" when the complex points of the 

' boundary are elliptic; special elliptic and hyperbolic points of the boundary are defined, and a solution when 

the boundary is a "horned sphere" is described; this will be the opportunity to precise and complete results 
announced in ([D 08], section 4). Problems when the boundary has general hyperbolic points are still open. 

Proofs of the results in sections 6 and 7 will appear in detail elsewhere [D 09]. 
Acknowledgments. I thank G. Tomassini and D. Zaitsev for discussions, corrections and remarks about 
several parts of this paper . 

2. Volume minimality of complex analytic subvarieties and of Levi-flat hypersurfaces in Kahler 
manifolds. 

2.1. Wirtinger's inequality (1936) [H 77]. 

n 

In C",with complex coordinates (zi, . . . , z„), we have the Hermitian metric H = dzj ® dzj and the 

n n 

exterior form (standard Kahler) ^ — 2 5Z ^ ^ $Z '^^^ ^ '^^^ " 
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From the real vector space JR^" = C", we consider the real vector space A2p-ff?^" of the 2p- vectors 
with the associated norm |.|; every decomposable vector (exterior product of elements of J?^") defines a real 
2p-plane of C" i.e. an element of the Grassmannian Gjn- define the norm || \\= inf | Q | where 

j 

C = Cj ) Cj is decomposable. 

i 

N 

Let Ppp = ^jCjjQ decomposable defining a complex p-plane of C"; Xj >0;Ng M*}. 

2.1.1. Theorem. For every ( G A2pC"', we have: 

^-"iO <ll C II; 

equality uniquely for ( G Ppp [W 36] . 

2.1.2. Corollary. Let V be a smooth real oriented 2p- dimensional submanifold of a Hermitian manifold 
X = {X,u)) of complex dimension n. Then JyCO^/pl < vol2p(V^) with equality iffV is complex. 

2.2. Currents with measure coefficients. [H 77] 

2.2.1. Comass of an r-form; mass of a current with measure coefficients. 
Let (fi e A' iR^", the comass of (p is defined as 

i ^ ir= sup{^(C) : C e G^„ C AapK^"} 

Let f2 be an open subset of (D", for every differential form tp of degree r on f2, let 

I ^ |r= sup{|| ^{z) \\*: z G fi} 

where || if{z) \\* is the comass of <f{z). 

Let T be a current with measure coefficients on O, ii" be any compact subset of Q and xk the charac- 
teristic function of K, 

Mk{T)= sup \xKT{ip)\ 

ll¥'ll*<l 

is, by definition, the mass of T on K. 

The measure which assigns the number Mk{T) to each compact set ii' C O is called the mass or volume 
measure of T and denoted || T ||, so that Mk{T) =|| T \\ (K). 

2.3. Complex Plateau problem. 

2.3.1. [H 77] On f2 C C", or more generally, on a Hermitian manifold {X,oj), let S be a d-closed current 
of dimension 2p — 1 with compact support, and let T be a (2p)-current with compact support and measure 
coefficients such that dT = B. The complex Plateau problem is to find such a T with minimal mass, i.e. for 
every compactly supported current S, with measure coefficients such that dS = B, to have M{T) < M{S), 
or equivalently, for every compactly supported, d-closed (2p)-current with measure coefiicients R, 

M{T) < M{T + R) 

Such a T is said absolutely volume minimizing on X. 

Let T be a rf-closed (2p)-current with measure coefficients on X. If, for each compact subset K oi X, 

Mk{T)<M{xkT + R) 

for all compactly supported d-closed (2p)-current R with measure coefficients on X, then T is said to be 
absolutely volume minimizing on X. 

2.3.2. Theorem. [H 77] Let T be a 2p-current with measure coefficients on a Hermitian manifold {X^w) 
and K be a compact subset of X. Then 

{XkT){wP/p\) < Mk{T). 
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and equality holds iff XkT is strongly positive. □ 

2.3.3. [H 77] Volume minimality of complex analytic sets in a Kahler m,anifold. 

2.3.4. Corollary to Theorem 2.3.2. Assume that X = {X,oj) is a Kdkler manifold and does not contain 
compact p-dimensional complex subvarieties. Let V be a p-dimensional complex subvatiety, and T = [V], 

then T is absolutely volume minimizing on X. 

Proof. T is strongly positive. Let K he a, compact subset of X and i? be a compactly supported d-closed 
(2p)-current with measure coefScients. From Theorem 2.3.2, Mk{T) = {xkT){ujP / p\) . But locally to = dd'^ip, 

thenujP = ujP~^ Add'^ip = d{ujP~^ Ad'^ip), so in the neighborhood of any point of X, R{ujP) = R{d{ujP~^ Ad'^tjj)). 
Let {aj)j^j be a partition C°° of unity subordinate to a locally finite open covering {Uj)j^j of X such that 
for every j, uj\u. = dd^tpj- Then 

R{coP) = ^ajR{d{ujP-^ A d'Vj)) = ±^d{ajR){ujP-^ A d'Vj) = 0, 

3 3 

because: 

^ d{ajR) = 'Y^daj A R + 'Y^aj A dR = Q 

3 3 3 

and, as in the proof of ([H 77], Corollary 1.25), in an open set of the Hermitian C", 

Mk{T) = {xkT){ujP/p\) = {xkT + R){wP/p\) < Mk{T + R). □ 

2.3.5. Remeirk. If X contains a compact p-dimensional complex subvariety W, d\y] = 0, but Mi<-([y] > 0; 
then T is relatively volume minimizing on X. 

2.4. Volume minimality of Levi- flat hypersurfaces in Kahler manifolds. 

We suppose to be in the category of currents with measure coefficients. 

Recall the definition: A Levi-flat subvariety (with negligible singularities), of odd dimension, is, outside 
of the singularities, a submanifold with Levi form = 0, or, equivalently, is foliated by complex analytic 
hypersurfaces. 

Let M be a C°° Levi-flat hypersurface of a C°° Kahler manifold X = {X, oj) bearing a foliation C by 
complex hypersurfaces Mi and let L be the space of the foliation C assumed to be a C°° real curve. 

Let M' be a C°° hypersurface of X bearing a foliation £' with the same space L; the leaves of £' being 
C°° subvarieties with negligible singularities. 

Let S* be a C°° compact submanifold of codimcnsion 2 of X. We denote by the same notation the 
hypersurfaces and submanifold and the integration currents they define. 

2.5. Mixed Plateau problem. 

Given S to find a C°° hypersurface in X \ S whose boundary is S in the category H of foliated 

hypersurfaces with the same space of foliation, a real curve. If M' is such a hypersurface whose space 
of foliation is L and the leaves (M/, I G L), then vol(M') = vo\{M[)dl. 

Prom section 2, for every I e L, vol(M/) > vo\{Mi) then M is relatively volume minimizing in the 
category % and, by definition, M is solution of the mixed Plateau problem. 

2.6. Research of solutions of the complex Plateau problem. 

The present method of resolution consists in finding complex analytic, resp. Levi-fiat subvarieties, in 
X\S, whose boundary S (in the sense of currents) is a submanifold of X with convenient properties. . 

3. Possible origin: holomorphic extension; polynomial envelope of a real curve. 

3.1. The extension theorem of Hartogs, obtained at the beginning of the 20*'' century, has been completely 

proved by Bochner and Martinelli, independently, in 1943. The simplest version is: 

Let fl be a bounded open set o/ C", n > 2. Suppose that 90 be of class (1 < fc < oo) or of class C" 
(i.e. real analytic). Let f be a function in C'((?f2), 1 <l < k. 

Then the two conditions are equivalent: 

(i) f is a CR function, i.e. the differential of f restricted to the complex subspaces of the tangent space 
to dfl, at every point, is €-linear; 
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(u) there exists F e C'(0) n 0{CI) such that F \gn= f. 

Then the graph of / is the boundary of the complex analytic submanifold defined by the graph of F in 

3.2. Let M be a compact submanifold of dimension 1 of C", we call polynomial envelope of M, the compact 
set {z e C"; I P{z) \< max | P(C) \',P& ^[z], the polynomial ring with complex coefficients }. 

Then (J. Wcrmcr (1958)), the polynomial envelope of M is either M, or the union of M with the support 
of a complex analytic variety T, of complex dimension 1. whose boundary is M [We 58]. 

4. Solutions of the complex Plateau problem (or boundary problem) in different spaces. 

4.1. The first result has been obtained in 1958, by J. Wermer, in C", for p = 1 and M holomorphic image 
of the unit circle in C [We 58]; this result has been generalized to the case where M is a union of real 
connected curves by Bishop, Stolzenberg (1966), looking for the polynomial envelope of M according to 
section 3.2. 

In C", after preliminary results by Rothstein (1959) [Rs 59] , the boundary problem has been solved by 
Harvey and Lawson (1975), for p>2, under the necessary and sufficient condition: M is compact, maximally 
complex and, for p = 1, under the moment condition: Jj^^ (p = 0, for every holomorphic 1-form ip on C" [ 
HL 75]. For n — p + 1, the method, inspired by the Hartogs' theorem consists in building T as the divisor 
of a meromorphic function the defining function R; this function itself is constructed, step by step, from 
solutions of 9-problems with compact support. T can also be viewed as graph (with multiplicities on the 
irreducible components) of an analytic function with a finite number of determinations. For any p, we come 
back to the particular case using projections. 

In CP" \ CP"^'', 1 < r < n, for compact M, the problem has a une solution if and only if, for p > r + 1, 
M is maximally complex and if, for p = r, M satisfies the moment condition: (p = 0, for every 5-closed 
{p,p— l)-forme (p . The method consists in solving the boundary problem, in C""*"^ \C"~''~'~^, for the inverse 
image of M by the canonical projection [HL 77]. 

In both cases, the solution is unique. 

Harvey et Lawson assume the given M to be, except for a closed set of Hausdorff {2p — l)-dimensional 
measure zero, an oriented manifold of class C^; we will say: M is a variety with negligible singularities. 

The boundary problem in CP" has been set up, for the first time, by J. King [ Ki 79]; uniqueness of the 
solution is no more possible, since two solutions differ by an algebraic p-chain. 

4.2. In CP"; a solution of the boundary problem has been obtained by P. Dolbeault et G. Henkin for 
p = I, (1994), then for every p (1997) and more generally, in a g-linearly concave domain X of CP", i.e. a 
union of projective subspaces of dimension q [DH 97 ]. 

The necessary and sufficient condition for the existence of a solution is an extension of the moment 
condition: it uses a Cauchy residue formiila in one variable and a non linear differential condition which 
appears in many questions of Geometry or mathematical Physics. In the simplest case: p = 1, n = 2, this is 

the shock wave equation for a local holomorphic function in 2 variables £,r], f-Jz = ^r-- 

at, ori 

Prom a local condition, the above relation allows to construct, by extension ot the coefficients, a mero- 
morphic function playing, in C", the same part as the Harvey-Lawson defining function described above; it 
defines a holomorphic p-chain extendable to CP" using the classical Bishop-Stoll theorem. 

4.2.1. The conditions of regularity of M have been weakened, first in C", and for p = 1, to a condition, a 
little stronger than the rectifiability, by H. Alexander [Al 88 ] who, moreover, has given an essential counter- 
example [ Al 87], then by Lawrence [Lee 95] and finally, and for any p, in C" and CP", by T.C. Dinh [Di 
98]: M is a rectifiable current whose tangent cone is a vector subspace almost everywhere. Moreover, Dinh 
has obtained the reduction of the boundary problem in CP" to the case p = 1, with weaker conditions than 
above and by an elementary analytic procedure [Di 98] . 

All the previous results are obtained as Corollaries. 

New progress by Harvey and Lawson [HL 04]. 

5. Extension to real peirametric problems. 
5.1. In a real hyperplane of<C"'. 
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5.1.1. Let E = 'Rx C"~^, and k : Rx C"~"^ R bo the projection. Let iV C -E be a compact, (oriented) 
CR subvariety of C" of real dimension 2n — 4 and CR dimension n — 3, (n > 4), of class C°°, with negligible 
singularities (i.e. there exists a closed subset t C N of (2n — 4)-dimensional Hausdorff measure such that 
TV \ T is a CR submanifold). Let r' be the set of all points z e TV such that cither zETorzQN\T and N 
is not transversal to the complex hyperplane k~^{k{z)) at z. Assume that A^, as a current of integration, is 
d-closed and satisfies: 

(H) there exists a closed subset L C with H^(L) = such that for every x € k{N) \ L, the fiber 

k^^{x) n A is connected and docs not intersect r'. 

5.1.2. Theorem [DTZ 09] (see also [DTZ 05]). Let A satisfy (H) with L chosen accordingly. Then, there 
exists, in E' ~ E \ k^^{L), a unique C°° Levi-flat (2n — 3)-subvariety M with negligible singularities in 
E' \ A, foliated by complex (n — 2)-subvarieties, with the properties that M sim,ply (or trivially) extends 
to E' as a {2n — '3)-current (still denoted M) such that dM = A in E' . The leaves are the sections by 
the hyperplanes E^o, G k{N) \ L, and are the solutions of the "Harvey-Lawson problem" for finding a 
holomorphic subvariety in E^o = C"~^ with prescribed boundary N n E^o. 
5.2. In a real hyperplane of (CP"'~^^ . 

5.2.1. The simplest significant case is the boundary problem in CP^. For the boundary problem with real 
parameter in C^, we considered a boundary problem in iR x C^, i.e. in the subspace of C^, in which the first 
coordinate is real. In the same way, we will consider in CP*, with homogeneous coordinates (^^o, wi, . . . , w^), 
a boundary problem in the subspace E defined by Wi = Xwq, with A G JR. Then, for personal convenience, 
we will follow, step by step, the known construction in CP^ in the oldest version [DH 97]. 

Particularly, the coefficients Cm of the defining function R of the solution are estimated as for the 
problem in CP^. 

The end of the proof of the main theorem seems analogous to the known case in x C^. 

5.2.2. The projective space CP"^ has homogeneous coordinates w' = {wo,W2, ■ ■ ■ ,W4); denote Q = {wo = 0} 

the hyperplane at infinity of CP"^ . 

For Wo ^ 0, let k be the projection: E — >■ Mx, {wo,wi = Xwo,W2,W3,W4) A; for wq = 0, X is 
indeterminate.. We also have the projection: n : E ^ CP^, {wq, Xwo,W2,W3,W4,) i-> {wo,W2,W3, W4,). In 
the same way, (E \ {wq = 0}) = JR x C^. 

5.2.3. Let N C E C CP"^ be a submanifold of class C°°, CR, oriented, compact of E, of dimension 4, of 
CR dimension 1, with negligible singularities. A being compact in E, k{N) is compact in M, i.e. in A, the 

parameter A varies in a closed, bounded interval A of iR. 

Assume that A satisfies the same properties as in subsection 5.1.1. 

5.2.4. Consider the complex hyperplanes of CP"*, whose equation is h{w) = W4 — ^2Wo — ri'2Wi — 772^2 = 
and, in E, the subspaces P^^ whose equation is 

hi{w' , X) — W4 - ^2^0 - 7?2'^i«o — = W4 — {S,2 + 'ri2^)wo - V2W2 = 0, 

of real dimension 5. Their restrictions to (P \ _K x Q) = _2? x (D'^ are real affine sub-spaces of dimension 5. 
We note 1/'^ the 1 x 2-matrix ((^2 + v'2^) 12) ■ 
Gcnerically, r,^/^ = A n P^^ is of dimension 2. 

For z g A, A = k{z). let Ex = k~^k{z); for A ^ P, A fi Pa is of dimension 3 and is contained in 
Ex ^ CP3. 

Consider the linear forms 

h{w) = W3 - ^iWo - r][wi - 77iw;2 

ho{w', X) = W3- ^iWq - t][Xwq - r]iW2 = W3 - (^1 + t][X)wo - V1W2 
Denote vx = {^x^v) the 2 x 2-matrix 

V(6 + ^2A) mj 

For fixed A, vx is a coordinate system of a chart of the Grassmannian G([;(2, 4), i.e. vx is a coordinate system 
of a chart of G([;(2,4) x M. and we identify vx with the point of G(d(2,4) x iR having these coordinates. 
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Let ((6 + V'l^} (6 + V =* iVi m)- Remark that depends on (Ci, 6> '^2); to get 

effective dependancc on the parameter A, it suffices to fix rj'i ^ 0, .r?2 7^ 0. 
Recall: ^ =* (Cai Ca2), = 6 + ??i'A, 1 = 1,2, 77 =* (771 r/2). 

Let Zj = Wj/wo, j = 2, ... ,4, he the non homogeneous coordinates ; Jiq defines the affine function: 

h = Z3 - {^i + 1][X) - riiZ2 

The two forms ho et hi are linearly independent, then the set of their common zeros D,y^ is of real 
dimension 3, is contained in P^' ; in general, D^^ fl A?" is a finite set Z^^ ; then, for general enough fixed A 
and vx, Z^^ = 0. For every fixed real number X ^ L, the situation in E\ is the classical situation in CP^. 

5.2.5. Boundary problem,. Given A'^, find a complex analytic subvariety M depending on the real parameter 
A such that dM = N m the sense of currents, under a necessary and sufficient condition on A''. 

To do this, we can check, step by step, the solution of the boundary problem in CP^ [HL 97], introducing 
the parameter A. 

For X ^ L, 7j,/^ = n Pj,/^ fl Ex is of dimension 1. Under the notations of the sub-section 5.2.4, consider 
the function 



5.2.6. Tentative statement. The following two conditions are equivalent: 

(i) There exists, in E' = E\k^^L, a C°° Levi- flat subvariety M , (with negligible singularities) , of 
dimension 5, foliaied, by complex analytic subvarieties Mx of complex dimension 2, such that M extends 
simply (or trivially) to E' as a current of dimension 5 {still denoted M) such that dM — N in E' . The 
leaves are the sections by the subspaces Ex,X G k{N) \ L, and are the solutions of the boundary problem for 
finding complex analytic subvarieties in Ex = CP"^ with given boundary N H Ex ■ 

{ii) N is a submanifold GR, oriented, of CR dimension 1 outside a closed set of ^-dimensional Hausdorff 
measure 0. 

There exists a matrix V)^, in the neighborhood of which 

N 

DlGi^x)=DlY,fM 
i=i 

where fj,j = l,...,N,isa holomorphic function in vx, C°° en X, and satisfies the system of P.D.E. 

(2) f^ii^-ir^ ^ = 2-3 



5.2.7. Remark. This result is not satisfactory because the relation of the analytic conditions with the 

geometry of the submanifold A^ is not explicit. 

5.3. Boundary problem in a real hyperplane o/C""*"^ or CP"+^. 

C"+^ and CP"+i are both Kahler. The solutions of the above boundary problems are both Levi fiat, 
hence, from a plain extension of section 2.5, volume minimal, i.e. solution, of codimension 3, of mixed 
Plateau problems. 

6. Levi-flat hypersurfaces with prescribed boundary: preliminaries. 
6.1. Introduction. 

Let 5 C C" be a compact connected 2-codimensional submanifold. Find a Levi-flat hypersurface 
M C C" \ 5 such that dM = S (i.e. whose boundary is S, possibly as a current). 

For n = 2, near an elliptic complex point p & S, S\{p} is foliated by smooth compact real curves which 
bound analytic discs (Bishop [Bi 65]). The family of these discs fills a smooth Levi-flat hypersurface. 
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In 1983, Bcdford-Gavcau considered the case of a particular sphere with two elhptic complex points. 
If S is contained in the boundary of a strictly pseudoconvex bounded domain, then the families of analytic 
discs in the neighborhood of each elliptic point extend to a global family filling a 3-dimensional ball M 
bounded by S. In 1991, Bedford-Klingenberg [BeK 91] and Kruzhilin extended the result when there exist 
hyperbolic complex points on S with the same global condition. 

Results of increasing generality have been obtained by Chirka, Shcherbina, Slodowski, G. Tomassini 
until 1999. The global sufficient condition of embedding of S in the boundary of a strictly pseudoconvex 
domain is still required in these papers. 

A first result for n > 3 (in the sense of currents), and for elliptic points only, has been obtained four 
years ago ([DTZ 05] and [DTZ 09] in detailed form): we got nc!w results when S is homeomorphic to a 
sphere, with three elliptic and one hyperbolic special points (see [D 08] for a first draft), or a torus, with 
two elliptic and two hyperbolic special points and, more generally, a manifold which is obtained by gluing 
together elem,entary models. 

A local condition is required because, in general, S is not locally the boundary of a Levi-flat hypersurface. 
The proof uses the construction of a foliation of S by CR orbits, Thurston's stability theorem for foliations 
on S, and a parametric version of the Harvey-Lawson theorem on boundaries of complex analytic varieties. 
There is no global condition. 

6.2. Preliminaries and definitions. 

6.2.1. A smooth, connected, CR submanifold M C C" is called minimal at a point p if there does not exist 
a submanifold A/' of M of lower dimension through p such that HN = HM\n- By a theorem of Sussman, 
all possible submanifolds N such that HN = HM\n contain, at p, one of the minimal possible dimension, 
called a CR orbit of p in M whose germ at p is uniquely determined. 

6.2.2. S is said to be a locally flat boundary at a point p if it locally bounds a Levi-flat hypersurface near p. 
Assume that S is CR in a small enough neighborhood J7 of p e 5*. If all CR orbits of S are 1-codimensional 
(which will appear as a necessary condition for our problem), the following two conditions are equivalent 
[DTZ 05]: 

(i) S* is a locally flat boundary on U; 

(ii) S is nowhere minimal on U. 

6.2.3. Complex points of S [DTZ 05]. 

At such a point p G S, TpS is a complex hyperplane in TpC". In suitable holomorphic coordinates 
{z, w) G C"""^ X C vanishing at p, S satisfles 

(1) w = Q{z) + 0(]^]^), Q{z) = ^ {aijZiZj + bijZiZj + CijZiZj) 

l<i,j<n— 1 

S is said flat at a complex point p E S ii ^ hijzizj G AR, A G C We also say that p is flat. 
Let iS C C" be a locally flat boundary with a complex point p. Then p is flat. 

By making the change of coordinates {z, w) {z, X~^w), we make J2 hjZiZj G M for all z. By a change 
of coordinates (z, w) i-> {z,w + a[jZiZj) we can choose the holomorphic term in (1) to be the conjugate of 
the antiholomorphic one and so make the whole form Q real- valued. 

We say that 5 is in a flat normal form at p if the coordinates {z,w) as in (1) are chosen such that 
Q{z) G R for all z G C"-^ 

6.2.4. Properties of Q. 

Assume that S is in a flat normal form; then, the quadratic form Q is real valued. Only holomorphic 
linear changes of coordinates are allowed. If Q is positive definite or negative definite, the point p € S is 
said to be elliptic; if the point p G 5 is is not elliptic, and if Q is non degenerate, p is said to be hyperbolic. 
From section 6.4, we will only consider particular cases of the quadratic form Q. 

From [Bi 65], for n = 2, in suitable holomorphic coordinates, Q{z) = {zz + XRe z^), A > 0, under 
the notations of [BeK 91]; for < A < 1, p is said to be elliptic, and for 1 < A, it is said to be hyperbolic. 
The parabolic case A = 1, not generic, is omitted [BeK 91]. When n > 3, the Bishop's result is not valid in 
general. 

6.3. Elliptic points. 
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6.3.2. Proposition ([DTZ 05], [DTZ 09]). Assum,e that S C C", (n>?,) is nowhere minimal at all its CR 
points and has an elliptic flat complex point p. Then there exists a neighborhood V of p such that V \ {p} is 
foliated by compact real {2n — 3) -dimensional CR orbits diffeomorphic to the sphere S^"~^ and there exists 
a sm,ooth function v, having the CR orbits as the level surfaces. 

Sketch of Proof [sec [DTZ 09]). 

In the case of a quadric 5*0 (w = Q{z)), the CR orbits arc defined by wq = Q{z), where wq is constant. 
Using (1), we approximate the tangent space to S by the tangent space to Sq at a point with the same 
coordinate z; the same is done for the tangent spaces to the CR orbits on S and Sq; then we construct the 
global CR orbit on S through any given point close enough to p. 

6.4. Special flat complex points. We say that the flat complex point p G 5 is special if in convenient 
holomorphic coordinates, 

n-l 

(2) Q{z) = J2 i^i^j + ^i^e z]), ,Xj>0 

i=i 

Let Zj = Xj + ipj, Xj, yj real, j = l,...,n — 1, then: 

(3) Q{z) = ELY ((1 + h)xj + (1 - h)y}) + 0{\z\^). 

A flat point p G is said to be special elliptic if < < 1 for any j. 

A fiat point p e 5' is said to be special k-hyperbolic if 1 < Aj for j S J C {1, . . . , n — 1} and < Aj < 1 

for J £ {1, . . . , n — 1} \ J 7^ 0, where k denotes the number of elements of J. 

Special elliptic (resp. k-hyperbolic) points are elliptic (resp. hyperbolic). 

6.5. Special hyperbolic points. 

6.5.1. We will not consider special parabolic points (one Xj = 1 at least) which don't appear generically. 

S being given by (1), let 5*0 be the quadric of equation w = Q(z). Suppose that Sq is flat at and thai 
is a special k-hyperbolic point. Then, in a neighborhood of 0, and with the above local coordinates, it is CR 
and nowhere minimal outside 0, and the CR orbits of So are the {2n — 3) -dimensional submanifolds given by 
w = const. 7^ 0. 

The section = of is a real quadratic cone Eq in R^" whose vertex is and, outside 0, it is a CR 
orbit So in the neighborhood of 0. 

6.6. Foliation by CK-orbits in the neighborhood of a special 1-hyperbolic point. 
We mimic the begining of the proof of 2.4.2. in ([DTZ 05], [DTZ 09]). 

6.6.1. Local 2-cod,imensiona,l submanifolds. 

In C"^, consider the 4-dimensional submanifold S locally defined by the equation 

(1) w = <piz)=Qiz) + 0{\z\^) 

and the 4-dimensional submanifold So of equation 

(4) w = Q{z) 
with 

g = (Ai + l)xl - (Ai - l)yl + (1 + X2)xl + (1 - A2)2/i 

having a special 1-hyperbolic point at 0, (Ai > 1,0 < A2 < 1), and the cone Sq whose equation is: Q = 0. 
On 5*0, a CR orbit is the 3-dimensional submanifold whose equation is Wo — Qiz). If > 0, JC^^ does 
not cut the line L = {xi = X2 = y2 = 0}; if wq < 0, IC^g cuts L at two points. 

6.6.2. Remark. Sq = Sq \ has two connected components in a neighborhood ofO. 

Proof. The equation of Sq n {yi = 0} is 

(Ai + l)xf + (1 + X2)xl + (1 — A2)2/| = whose only zero , in the neighborhood of 0, is {0}: the 
connected components are obtained for yi > and t/i < respectively. □ 
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6.6.3. Behaviour of local CR orbits. 

Under the notations of [DTZ 09], follow the construction of the complex tangent space E{z, ip{z)) to the 
CR orbit at z; compare with Eq{z,Q{z)). We know the integral manifold, the orbit of Eo{z,Q{z)); deduce 
an evaluation of the integral manifold of E{z, ^(z)). 

6.6.4. Lemma. Under the above hypotheses, ifk= 1, the local orbit S corresponding to So has two connected 
components in the neighborhood ofO. 

Proof. Use Remark 6.6.2 and the adaptation of the technique of [DTZ 09]. □ 

6.7. CK-orbits near a subvariety containing a special 1-hyperbolic point. 

6.7.2. Proposition. Assume that S C C" (n > 3), is a locally closed {2n — 2)-submanifold, nowhere minimal 
at all its CR points, which has a unique spcial 1-hyperbolic flat complex point p, and such that: 
(i) the orbit S whose closure S' contains p is compact; 

{ii) S has two connected components a\, a^, whose closures are homeomorphic to spheres of dimension 
2n-3. 

Then, there exists a neighborhood V of E' such that V \T,' is foliated by compact real {2n — 3)- 
dimensional CR orbits whose equation, in a neighborhood of p is (3), and, the w{= Xn)-axis being assumed 
to be vertical, each orbit being diffeomorphic to 

the sphere S^""^ above S', 

the union of two spheres S-^"""^ under S', 
and there exists a smooth function v, having the CR orbits as the level surfaces. 

6.8. Geometry of the complex points of S. 

6.8.1. Let G be the manifold of the oriented real linear (2n — 2)-subspaees of (D". The submanifold S of 
C" has a given orientation which defines an orientation of the tangent space to S at any point p € S. By 
mapping each point of S into its oriented tangent space, we get a smooth Gauss map 

t:S-^G 

6.8..2. Dimension ofG. dim G = 2(2n - 2). 

6. 8. .3. Proposition. For n>2, in general, S has isolated complex points. 

Proof Let tt G G be a complex hyperplane of C" whose orientation is induced by its complex structure; 
the set of such tt is H = G^_i „ = CP"~^* C G, as real submanifold. If p is a complex point of S, then 
t{p) € H or —t{p) e H. The set of complex points of S is the inverse image by t of the intersections t{S) fl H 
and -t{S) n in G. Since dim t{S) = 2n - 2, dim H = 2{n - 1), dim G = 2(2n - 2), the intersection is 
0-dimensional, in general. 

6.8.4. Homology of G. (cf [P 08]). G has the structure of a complex quadric; let Si,S2 be generators of 
H2n-2{G, Z); we assume that Si and 5*2 are fundamental cycles of complex projective subspaces of complex 
dimension (n — 1) of G. Then, denoting also S, the fundamental cycle of the submanifold S and the 
homomorphism defined by t, we have: 

uiSi + U2S2 

where ~ means homologous to. 

6.8.5. Lemma (proved for n = 2 in [CS 51]). With the notations of 6.8.1' , we have: Ui = U2; 

Ui +77,2 = xiS), Euler-Poincare characteristic of S. 
The proof for n — 2 works for any n > 3. 

6.8.6. Local intersection numbers of H and t{S) when all complex points are flat. 

Proposition (known for n = 2 [Bi 65], here for n > 3). Let S he a smooth, oriented, compact, 2- 
codimensional, real submanifold of (C^ whose all complex points are flat and special. Then, on S, jj (special 
elliptic points) + ft (special k-hyperbolic points, with k even) - jj (special k-hyperbolic points, with k odd) 
= x{S) ■ If S is a sphere, this number is 2. 

7. Levi-flat hypersurfaces with prescribed boundary: particular cases. 
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7.1. To solve the boundary problem by Levi-fllat hypcrsurfaccs, S has to satisfy necessary and sufficient 
local conditions. A way to prove that these conditions can occur is to construct an example for which the 
solution is obvious. 

7.2. Sphere with elliptic points. 

7.2.1. Example. In C^, Let S be defined by the equations: 



We have CK-dim 5=1 except at the points zi = Z2 = 0; zs = ±1 where CK-dim 5 = 2. 5 is the unit 

sphere in (D^ x M; it bounds the unit ball M in x M, which is foliated by the complex balls x {xajnM. 
The leaves are relatively compact of real dimension 4 and are bounded by compact leaves (3-spheres) of a 
foliation of M. 

7.2.2. Theorem [DTZ 05]. Let S C C", n > 3, be a compact connected smooth real 2-codimensional 

suhm,anifold satisfying the conditions 

(i) S is nonminimal at every CR point; 

(ii) every complex point of S is flat and elliptic and there exists at least one such point; 
{Hi) 5 does not contain complex manifold of dimension (n — 2). 

Then S is a topological sphere, and there exists a Levi- flat {2n — l)-subvariety M c C x C" with boundary 
S (in the sense of currents) such that the natural projection tt : C x C" — > C" restricts to a bijection which 
is a, CR diffeomorphism between S and S outside the complex points of S. 

7.3. Sphere with one special 1-hyperbolic point (sphere with two horns). 

7.3.1. Example. In C^, let {zj), j = 1,2,3, be the complex coordinates and zj = xj + iyj. In = C^, 
consider the 4-dimensional subvariety (with negligible singularities) S defined by: ys = 

0<X3<1; X3{xl + yl +xl+yl + .xi - 1) + (1 - X3){x\ + y\ + a;| + y| + Axl - 2yl + xl + yl) = 

-1<X3< 0; X3 = x\ + yi+xi+y^ + Axl - 2yf + xl + yl 

The singular set of 5 is the 3-dimensional section X3 = Q along which the tangent space is not everywhere 
(uniquely) defined. 

5 being in the real hyperplane {2/3 = 0}, the complex tangent spaces to S are {X3 = a;°} for convenient 

x^. 

The set S will be smoothed along the complement of (origin of C^) in its section by the hyperplane 
{x3 = 0} by a small deformation leaving h unchanged. In the following S will denote this smooth submanifold. 

Prom elementary analytic geometry, complex points of 5 are defined by their coordinates: 

63: Xj = 0,y^ = 0, (j = 1,2), X3 = 1. 

h: Xj = 0, yj = 0, (j = 1, 2), 0:3 = 0; 

61,62: Xl =0,yi = ±1,X2 = 0,t/2 = 0,a;3 = -1. 

Lemma. The complex points are flat and special. The points 61, 62, 63 are special elliptic; the point h is 

special 1-hyperbolic. 

Remark that the numbers of special elliptic and special hyperbolic points satisfy the conclusion of 
Proposition 6.8.6. 

7.3.1'. Shape o/S' = 5n {X3 = 0} in the neighborhood of the origin o/C^. 

Lemma. Under the above hypotheses and notations, 

(i) E = S' \ has two connected components oi, 02. 

(ii) The closures of the three connected components 0/ 5 \ S' are submanifolds with boundaries and 

corners. 

Proof, (i) The only singular point of S' is 0. We work in the ball B{0, A) of {xi,yi,X2, 2/2) for small A and 
in the 3-space Tr\ = {j/2 = AX2}, A € JR. Por A fixed, tt\ = ]R^{xi,yi,X2), and T,' Dttx is the cone of equation 
4xi — 2y\ + (1 + A^)x2 + 0{\z\^) = with vertex and basis in the plane X2 = -x" the hyperboloid H\ of 
equation 4xf — 2yf + (1 + A^)x2^ + 0(|^p) = 0; the curves Hx have no common point outside 0. So, when A 
varies, the surfaces S' n n\ are disjoint outside 0. The set S' is clearly connected; S' n {yi = 0} = {0}, the 
origin of C^; from above: ai = S n {t/i > 0}; 0-2 = S n {yi < 0}. 
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(a) The three connected components of S* \ S' are the components which contain, respectively ei, 62, 
63 and whose boundaries are ai, 0^2, cti Ua2; these boundaries have corners as shown in the first part of the 



The connected component of x M\S containing the point (0,0,0,0, 1/2) is the Levi-flat solution, 

the complex leaves being the sections by the hyperplanes .X3 = X3, — 1 < X3 < 1. 

The sections by the hyperplanes X3 = are diffeomorphic to a 3-sphere for < Xg < 1 and to the 
union of two disjoint 3-spheres for — 1 < X3 < 0, as can be shown intersecting S by lines through the origin 
in the hyperplane X3 = x'^; S' is homeomorphic to the union of two 3-spheres with a common point. 

7.3.2. Proposition (cf [D 08], Proposition 2.6.1). Let 5 C C" be a compact connected real 2-codimensional 
manifold such that the following holds: 

(i) S is a topological sphere; S is nonminimal at every CR point; 

{a) every complex point of S is flat; there exist three special elliptic points ej,j = 1,2,3 and one special 
1-hyperbolic point h; 

{Hi) S does not contain complex manifolds of dimension (n — 2); 

(iv) the singular CR orbit S' through h on S is compact and S' \ {h} has two connected components ai 
and (72 whose closures are homeomorphic to spheres of dimension 2n — 3; 

(v) the closures 81,32,83 of the three connected components 8[,S2,83 of 8 XT,' are submanifolds with 
(singular) boundary. 

Then each Sj \ {cj U T,'}, j = 1, 2, 3 carries a foliation J^j of class with 1-codimensional CR orbits 
as compact leaves. 

Proof. From conditions (i) and (ii), 5* satisfying the hypotheses of Proposition 6.3.2, near any elliptic 
flat point Cj, and of Proposition 6.7.2 near S', all CR orbits are diffeomorphic to the sphere S^"~^. The 
assumption (iii) guarantees that all CR orbits in 8 must be of real dimension 2n — 3. Hence, by removing 
small connected open saturated neighborhoods of all special elliptic points, and of E', we obtain, from S\Y,', 
three compact manifolds 8j" , j = 1,2,3, with boundary and with the foliation J^j of codimension 1 given 
by its CR orbits whose first cohomology group with values in R is 0, near Cj. It is easy to show that this 
foliation is transversely oriented. 

7.3.2'. Recall the Thurston's Stability Theorem ([ CaC], Theorem 6.2.1). Let (M, J^) be a compact, connected, 
transversely-orientable, foliated manifold with boundary or corners, of codimension 1, of class . If there 
is a compact leaf L with H^{L,IV) = 0, then every leaf is homeomorphic to L and M is homeomorphic to 
L X [0, 1], foliated as a product, 

Then, from the above theorem, 8/' is homeomorphic to S^""^ x [0, 1] with CR orbits being of the form 
(g2n-3 ^ Jqj. ^ g jQ^ j^j Then the full manifold 8j is homeomorphic to a half-sphere supported by S^"~^ 
and Tj extends to Sj; S3 having its boundary pinched at the point h. 

7.3.3. Theorem. Let 8 C C", n > 3, be a compact connected smooth real 2-codimensional submanifold 
satisfying the conditions (i) to {v) of Proposition 7.3.2. Then there exists a Levi-flat (2n — l)-subvariety 
M C (D X (D" with boundary 8 (in the sense of currents) such thai the natural projection tt : (D x (D" — > C" 
restricts to a bijection which is a CR diffeomorphism between 8 and 8 outside the complex points of 8. 

Proof. By Proposition 6.3.2 , for every Cj, a continuous function v'-, C°° outside Cj, can be constructed in 
a neighborhood Uj of Cj, j = 1, 2, 3, and by Proposition 6.7.2, we have an analogous result in a neighborhood 



Furthermore, from section 7.3.2', a smooth function u" j whose level sets are the leaves of J^j can be 



using a partition of unity, we obtain a global smooth function uj : S'j — >■ R without critical points away from 
the complex points ej and from S'. 

Let (Ti, resp. CT2 the two connected, relatively compact components of S \ {h}, according to condition 
{iv); CTi, resp. CT2 are the boundary of ^i, resp. 82, and ai Uct2 the boundary of ^a. We can assume that 
the three functions vj are finite valued and get the same values on cti and 0^2 • Hence a function z/ : 5 — > R. 

The submanifold 8 being, locally, a boundary of a Levi-flat hypersurface, is orientable. We now set 
8 = N = gru = {{iy{z), z) : z G 8}. Let 8s = {ei, 62, 63,0-1 U 0-2}. 

X : 8 ^ 8 (^z '^{{z), z)) is bicontinuous; A|s\s^ is a diffeomorphism; moreover A is a CR map. Choose 
an orientation on 8. Then N is an (oriented) CR subvariety with the negligible set of singularities r = X{8s). 



proof. 



□ 



of S'. 



obtained globally on 8j 
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At every point of S* \ Sg, dx^v ^ 0, then condition (H) (section 5.1.1) is satisfied at every point of iV \ t. 
Then ah the assumptions of Theorem 5.1.2 being satisfied hy N = S,'ma particular case, we conclude 
that N is the boundary of a Levi-flat (2n — 2)-variety (with negligible singularities) M in R x C". 

Taking tt : C x C" — >■ C" to be the standard projection, we obtain the conclusion. 

7.4. Case of a torus. 

7.4.1. Euler-Poincare characteristic of a torus is x(T'^) — 0. 

7.4.2. Example. In C^, let (zj), j = 1,2,3, be the complex coordinates and Zj = xj + iyj. In = C^, 
consider the 4-dimensional subvariety (with negligible singularities) S defined by: 

2/3 = 

< ^3 < 1; X3{xl + yf+xl+yl+xl-l) + {l- X3){xi +yt + x^ + yl + ixj - 2yf + xl + yi)=0 

-5 < X3 < 0; X3=xi + yf + xi + yi + 4xf - 2yf + xl+y^ 
glue it with the symmetric with respect to the real hyperplane Xs = — |, and and smooth along {xs = 0}, 
{x3 = ±^}. The complex points are flat and special. 

7.4.3. Theorem. Let 5 C C", n > 3, 6e a compact connected smooth real 2-codimensional submanifold 

satisfying the following conditions: 

(i) S is a topological torus; S is nonminimal at every CR point; 

(ii) every complex point of S is flat; there exist two special elliptic points ei,e2 and two special 1- 
hyperbolic points hi, /12; 

(Hi) S does not contain complex manifolds of dimension (n — 2); 

(iv) the singular CR orbits S'j^jSj through hi and h2 on S are compact and, for j = 1,2, \ {/ij} 
have two connected components (xj and (t|; 

[v) the closures 81,82, 83, 84^ of the four connected components 8'i,82, 83, 8'^ of 8 \ S'^ U S2 ^'"s s'^^- 
manifolds with (.singular) boundary. 

Then there exists a, Levi-flat (2n — 1) -.subvariety M C (D x C" with boundary 8 (in the sense of currents) 
such that the natural projection tt : C x C" — >■ C"" restricts to a bijection which is a CR diffeomorphism 
between 8 and 8 outside the complex points. 

7.5. Generalizations. 

7.5.1. Elementary models and their gluing. The examples and the proofs of the theorems when S is homeo- 
morphic to a sphere (sections 7.3) or a torus (section 7.4) suggest the following definitions. 

7.5.2. Definitions. 

Let T' be a smooth, locally closed (i.e. closed in an open set), connected submanifold of C", n > 3. We 
assume that T' has the following properties: 

(i) T' is relatively compact, non necessarily compact, and of codimension 2. 

(ii) T' is nonminimal at every CR point; 

(Hi) T' has exactly 2 complex points which are flat and either special elliptic or special 1-hyperbolic. 

{iv) li p ^ T' is 1-hyperbolic, the singular orbit S' through p is compact, S' \ p has two connected 
components ai, 02, whose closures are homeomorphic to spheres of dimension 2n — 3. 

(u) If p e T' is 1-hyperbolic, in the neighborhood of p, with convenient coordinates, the equation of T', 
up to third order terms is 

n-l 

Zn = ^(zjZj + AjT^e zf); Ai > 1; < A^- < 1 for j 7^ 1 
or in real coordinates Xj , y^ with Zj = xj + iyj , 

ri-l 

Xr, = ((Ai + l)xl - {Xi - l)y!) + 5^ ((1 + A,)4 + (1 - A,)y|) + 0{\zf) 
Other configurations are easily imagined. 

up- and down- 1-hyperbolic points. Let T be the (2n — 2)-submanifold with (singular) boundary contained 
into T' such that either ai (resp. 0^2) is the boundary of T near p, or S' is the boundary of T near p. In 
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the first case, we say that p is 1-up, (resp. 2-up), in the second that p is down. Such a T will be called an 

elementary model. 

For instance, T is 1-up and has one special elliptic point, we solve the boundary problem as in in the 
proof of Theorem 7.3.3. 

7.5.3. The gluing (to be precised) happens between two compatible elementary models along boundaries, for 

instance down and 1-up. 

7.6. Other possible generalizations. 

The mixed Plateau problem can be set up in projective space CP" and in subspaces of CP" on which 
the complex Plateau problem can be solved, using Statement 5.2.6, its gemeralisation to any n > 3 and a 
better geometric condition on the given boundary. 
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